We investigate the phase enhancement of quantum states subject to non-linear phase shifts. The optimal phase estimation of even entangled coherent states (ECSs) are shown to be better than that of NOON states with the same average particle number n and non-linearity exponent k. We investigate the creation of an approximate entangled coherent states (AECS) from a photon subtracted squeezed vacuum with current optical technology methods and show that a pure AECS is even better than an even ECS for large n . Finally we examine the simple but physically relevant cases of loss in the non-linear interferometer for a fixed average photon number n .
I. INTRODUCTION
Quantum metrology is a research field that examines the characteristic fundamental properties of measurements under the laws of quantum mechanics [1, 2] . The ultimate goal of this is to achieve measurements at the information theoretical bounds allowed by the laws of quantum mechanics, far beyond their classical counterparts. For optical system the classic and extremely well studied example are NOON states [1] [2] [3] [4] [5] [6] whose performance allows them to measure linear phase shifts at the Heisenberg limit. Several theoretical studies have recently investigated the role of non-linearity to help improve the limits of phase enhancement in linear systems [7] [8] [9] [10] [11] and the first demonstration of this so-called superHeisenberg scaling has been shown [12] . The particle-loss and decoherence mechanisms are, however, not fully explored in combined linear and non-linear interferometers, even theoretically [13] [14] [15] [16] .
It is not only NOON states that allow linear phase measurements at the Heisenberg limit. Entangled coherent states (ECSs) [17] [18] [19] [20] [21] [22] [23] [24] are also able to do this [25] [26] [27] and can outperform that of NOON states in the region of very modest particle numbers with a linear phase operation [28, 29] . An important case of entangled coherent states are the two-mode path entangled states, a state analogous to a NOON state, but with one of two modes containing a coherent state rather than a Fock state [26] . This particular ECS can be represented as a superposition of NOON states with different photon numbers [25] . Using linear optical elements, the phase sensitivity of ECSs outperforms that of NOON and bat states [30] , both without [25] [26] [27] and with losses [28] , because coherent states maintain their properties in the presence of loss. Given all this recent work, a natural question arises regarding comparison of the phase enhancement for ECSs, compared to NOON and other states, in the case of non-linear phase shifts [7] .
In this paper we are going to investigate the nonlinear phase enhancement resulting from a generalized non-linearity characterized by an exponent k (k > 0) on four quantum states: NOON, even and odd ECSs and an approximated ECS (AECS). The AECS is created from a photon subtracted squeezed state and experimentally feasible to realize [31, 32] . Potential enhancements will be quantified with the quantum Fisher information [33, 34] . To begin we will consider a two-mode pure state |ψ 12 and a generalized non-linear phase shifter U (φ, k) given by
where a † i (a i ) is a creation (annihilation) operator in spatial mode i [35] (see the details in Section II). The exponent k represents the order of the non-linearity. For example, k = 1 corresponds to a linear phase shift on the state, k = 2 a Kerr phase shift and k = 2 gives a more general non-linear effect in a phase operation. When the generalized phase operation U (φ, k) is applied to mode 2 of |ψ 12 , the resultant state is equal to
Now according to phase estimation theory [33, 34] , the phase uncertainty is bounded by the quantum Fisher information
where the value of F Q for pure states is simply given by
It is important to note that n 1 denotes an average (or mean) photon number.
To allow a fair comparison of the phase sensitivity among the various different quantum states under consideration, we will use the same average photon number in one of two modes as the physical resource count for the states [25, [35] [36] [37] . For pure states, we shall demonstrate an inequality for the sensitivity among the three states: NOON (least sensitive), odd ECS and even ECS (most sensitive). Furthermore we will show that in the limit of large n 1 the AECS slightly better than the other three states. We shall also consider a small amount of loss for the dispersive and non-linear interferometer arm, because the non-linear medium providing the phase operation will generally also provide a scattering effect (e.g., particle losses) [38] . We shall demonstrate that, analogous to the linear case (k = 1) [28, 29] , the phase enhancement of ECSs still outperforms that of NOON states, even for non-linear cases (k = 1).
For a physical realization, it is known that the ideal ECS can be generated by mixing through a 50:50 beamsplitter (BS) a coherent state and a coherent state superposition (CSS) [24] , given by
where |α is a coherent state with amplitude α and N ± α = 1/ 2(1 ± e −2|α| 2 ). Since the CSS with small α has been already demonstrated in experiments [39] [40] [41] [42] , the scheme of building AECSs with a modest photon number may be experimentally feasible with very high fidelity in the near future [43] . Several experiments have demonstrated that non-linear phase operations can be realized in various set-ups. For example, self-Kerr phase modulation (k = 2) has been measured as a function of electric field amplitudes in waters, fibers, Nitrobenzene, Rydberg states, etc. [38, 44, 45] . Notably, the phase shift dependent upon the applied field clearly follows theoretical predictions in the case of a Rydberg electromagnetically induced transparency medium (see in Fig. 3 in Ref. [38] ).
The remainder of this paper is organized as follows. In Sec. II, the mathematical formalism for generalized phase shifters is described. The phase enhancements of pure ECSs is discussed in the case of ideal preparation in Sec. II A. A feasible approach to implementing the AECS is given in Sec. II B. In Sec. III we also investigate the effects of loss on the phase enhancement behavior. Finally, in Sec. IV we summarize and discuss our results.
II. OPTIMAL PHASE ESTIMATION USING NONLINEARITY IN PURE STATES
Let us first discuss the validity of Eq. (1) for general k. The generalised phase operation is formed by
where the total Hamiltonian is equal tô
consisting of the unperturbed Hamiltonian represented byĤ
for mode frequency ω and an interaction Hamiltonian given by expanding the polarization of the non-linear medium
where χ (j) is the j-th order susceptibility of the medium [46] . A single-mode electric field is given bŷ
where u(r) is the mode function. Due to the lack of phase matching, the single-mode assumption and the rotating wave approximation, we may neglect the terms in χ (2x) (x: positive integer) [46] , and then,
where the phase parameter of the non-linearity k is
We note that F (χ (2x−1) ) is a function of χ (2x−1) . Therefore, the expression of the non-linear phase operation in Eq. (1) is appropriate for fixed k.
A well-known example of a non-linear phase operation is given by the Kerr interaction for k = 2 [25, 26, 47] . In an interaction picture that removes the linear dynamical phase, the non-linear component is
with
where the interaction Hamiltonian is truncated after the fifth-order susceptibility χ (5) .
A. Ideal (theoretical) cases
We now need to review and calculate the phase enhancements using the quantum Fisher information for pure (no loss) cases of the NOON state and ECSs. The NOON state is defined by [4] 
where |N is a number state with photon number N . After a generalized phase shifter U (φ, k) is applied in mode 2, the resulting state is given by |ψ
From Eq. (4), the quantum Fisher information of the pure NOON states with a non-linearity of order k is given by F Q N k = 1/N 2k and
Similarly for the even and odd ECSs defined by
with amplitude α + (α − ) for even (odd) ECS and N ± α± = 1/ 2(1 ± e −|α±| 2 ). After the phase shifter U (φ, k) is performed in mode 2, we find that the resulting state is given
The quantum Fisher information is then given by
for f α± = e −|α±| 2 (N ± α± ) 2 and
In order to compare the phase sensitivity of the different states, we take into account the same average particle number of the states [25, [35] [36] [37] in an arm
where
2 a 2 |ECS ± (α ± ) and in general α + = α − . In Fig. 1 , the values of optimal phase estimation are plotted for the three quantum states and satisfied with the inequality
for any N and k. The first inequality δφ Fig. 2 . Note that δφ E k ± approaches to δφ N k because of |ECS ± (α) ≈ |ψ N for larger N and that δφ E k ± is a continuous value while δφ N k exists discretely due to integer N .
B. Preparation of an approximate ECS
We now present an optical set-ups to create an AECS with a very high fidelity to an odd ECS, based on current optical technology methods. We also compare the phase enhancement of the AECS with the other states. As shown in Fig. 3 , two steps are required for AECS preparation. First, we create a photon-subtracted quantum state, with high fidelity to an odd CSS, given by the scheme in Ref. [43] . The generation of squeezed vacuum states can be given by degenerate parametric down-conversion utilizing non-linearity [24] and a series of experimental results shows that modest strengths of squeezing through second-harmonic generation is achievable with the current technology [48] [49] [50] . The scheme of single-photon subtraction through an unbalanced BS from a squeezed vacuum has been already demonstrated [31, 32] . Finally, generation of the odd ECS follows from the well known technique of mixing a traveling CSS with a controlled coherent state through a 50:50 beam-splitter (BS).
In Fig. 3 , the schematics shows how to generate |AECS(r, α A ) from a squeezed vacuum S(r)|0 and a coherent state |α (S(r) = exp −
and r is a squeezing parameter). It was shown that the fidelity between a squeezed single photon state S(r)|1 and an odd CSS |CSS − (α) with small α is extremely high [43] and that a photon-subtracted squeezed vacuum state aS(r)|0 is identical to S(r)|1 [51] . We begin by preparing a squeezed vacuum S(r)|0 and then performing singlephoton subtraction by using BS η (η: transmission rate) and a single-photon detector. The resultant state is called an ACSS possessing a very high fidelity compared with the ideal odd CSS. In detail, when a single photon is detected, the resultant state |ACSS(r 0 ) = aS(r 0 )|0 (r 0 = arcsinh[2α 0 /3]) is given by
for f r = (1 − tanh 2 r 0 ) 3/4 with the maximized fidelity between |ACSS(r 0 ) and |CSS − (α 0 ) .
In the second stage, the odd AECS can be built with the generated ACSS |ACSS(r 0 ) 1 mixed with an extra coherent state |α 0 2 through an 50:50 BS. The state is written as
where H m,m ′ is the coefficient of the state in Fock basis (α A = √ 2α 0 ). As shown in Fig. 4 , the resultant state |AECS(r 0 , α A ) is approximately equivalent to the desired odd ECS |ECS − (α − ) with high fidelity (≈ 0.975) if α − = α A ≈ 1.9807. The state |AECS(r 0 , α A ) consists of the ideal ECS (m ′ = 0) and the unbalanced photon states called m and m ′ states (m ′ = 0) [52] . In other words, the outcome state contains a superposition of NOON states for m ′ = 0 while it also includes the states possessing unbalanced photon numbers in both modes for m ′ = 0. Then, after the generalized phase shifter U (φ, k) in mode 2, we can estimate the phase enhancement of the final state given by
For the phase enhancement of the AECS compared with ideal ECSs, the value of n 1 EA = AECS|a † 2 a 2 |AECS should be N/2 in Eq. (21) . As shown in Fig. 1 , it is true that the results from AECS are very close to those from ideal odd ECSs for k = 1, 2 but slightly better than those of the other states at k = 3, for the modest number of N (see thin black lines in Fig. 1 ). This is because the detailed shape of the AECS is slightly different from the ideal odd ECS. In 
III. FOR SMALL LOSS CASES IN A NON-LINEAR PHASE OPERATION
The phenomenon of imperfect phase operations may lead to small particle losses in the arm. For the comparison of phase enhancement in lossy states, we choose the fixed average photon number of the states such as
which implies N = 4. For example, |AECS(r 0 , 2.0 and |ECS − (1.9807) have the same average photon number such as n 1 E− = n 1 EA = 2. Adding a BS with vacuum input can mimic this lossy condition in the dispersive interferometer arm after the non-linear phase shift (T : transmission rate of the BS) [16] . Here, we examine the phase enhancement of mixed states by generalising the results of Ref. [16] such as
. In particular, this equation shows an excellent match with the exact value of the quantum Fisher information in the small loss region (T ≈ 1) [16] . For k = 1, the bound C Q is given by
and for k = 2,
As shown in Fig. 6 , the ECSs including AECS significantly outperform NOON states (thick solid lines) for k = 1, 2 in a small photon-loss window. For NOON, even and odd ECS and AECSs, the expectation values in Eqs. (27) and (28) are given by
Therefore, these results show that ECSs still outperform the phase enhancement achieved by NOON states in the region of small losses after the non-linear phase operation (k = 2).
IV. SUMMARY AND REMARKS
In summary, we have analyzed phase enhancement of ECSs for non-linear phase shifts, using quantum Fisher information to quantify the results. As shown in linear optical elements [28, 29] , the phase sensitivity of ECSs outperforms that of NOON states for modest average photon numbers, converging to the limit of NOON states for large average photon numbers. We have presented the form of generalized (non-linear) phase operations, in terms of the power of number operators, and obtained an inequality for the phase enhancement of NOON states and odd and even ECSs, all with respect to the same average photon number as a physical resource. We have also investigated the feasibility of creating AECS in optical set-ups based on current technology, and examined its phase sensitivity. Finally, we have shown that the behavior of the phase sensitivity for ECSs significantly outperforms that for NOON states, for the k = 2 nonlinear example in the presence of small losses.
The fidelity between the odd ECS |ECS − (α − ) and AECS |AECS(r 0 , α A ) is very high, but in general the AECS has more degrees of freedom with r and α (see Fig. 3 ). Thus, there is an opportunity to generate other useful quantum states, different from ECSs, by tuning r and α which could give fourther improvements. Similarly, one may consider using approximate even CSS generated in Ref. [32] , instead of using odd CSS obtained by subtracting a single photon [31] . In addition, even though it is known that the self Kerr-type non-linear interaction can be performed with small losses in tunable three-or four-level systems [54] , it is still an open question as to whether useful higher order non-linear phase operations can also be performed minimizing loss mechanisms.
